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The competition between staggered imaginary potentials and lattice dimerization result in a
unidirectional propagating coalescing state of a non-Hermitian Su-Schrieffer-Heeger (SSH) ring at
exceptional point. A segment of the SSH ring inherits the unidirectional feature and exhibits some
intriguing dynamic behaviors when it is embedded in a Hermitian chain as a PT -symmetric scatter-
ing center. Based on the Bethe ansatz scattering solution for the interface between Hermitian and
non-Hermitian regions, we show that the SSH scattering center supports the following wave packet
dynamics: (i) A left incident wave packet is allowed perfect transmission, while a right incident wave
packet stimulates an amplified reflecting wave train with the length proportional to the size of the
SSH segment. Accordingly, a unidirectional invisibility of Bragg scatterers is observed when multi
SSH-segment is considered. (ii) A left incident wave packet can be well confined in SSH segment if
the right lead is removed. (iii) In addition, a wave packet is perfectly absorbed when its size closes
to the length of the SSH segment. The underlying mechanism stems from a subtle property of the
SSH segment, which supports two quasi-coalescing wave packets but with opposite group velocities.
Our findings are applicable to the schemes of realizing quantum state storage, quantum diode and
lasing device.
I. INTRODUCTION
The introduction of complex potential in a Hamilto-
nian extends the frontier of conventional quantum me-
chanics. Non-Hermitian systems make many things pos-
sible including unidirectional propagation and anomalous
transport [1–8], invisible defects [9–11], coherent absorp-
tion [12] and self sustained emission [13–17], loss-induced
revival of lasing [18], as well as laser-mode selection
[19, 20]. Such kinds of novel phenomena can be traced
to the existence of exceptional point (EP). On the other
hand, implementing the tasks of quantum information
processing via non-Hermitian systems becomes an attrac-
tive topic. Recently, critical behavior of non-Hermitian
system has been employed to generate entangled states
in a dynamical process [21–24]. It is well known that a
static Hamiltonian cannot realize a coherent confinement
of a wavepacket in the framework of Hermitian quan-
tum mechanics, which is a key ingredient for the storage
of quantum information. It is always implemented by
time-dependent system [25–28], employing adiabatic or
diabatic dynamical process. It seem impossible to stop
and confine a wavepacket via a natural time evolution
under an always-on Hermitian system. As illustrated in
Figs. 1(a) and (c), a wave packet can be transferred
from certain location to a confining region by a natural
time evolution. This process can be achieved by a time-
independent Hermitian Hamiltonian. In order to confine
the wave packet, a time-dependent term should be added
(Fig. 1(b)). A simplest way is to switch off the tunneling
channel at way out. However, it may be done by a natural
time evolution under a time-independent non-Hermitian
Hamiltonian (Fig. 1(d)) since a non-Hermitian system
∗ songtc@nankai.edu.cn
exhibits strong unidirectional dynamics [17, 29–35]. It
is expected that a wavepacket can perfectly come in the
confining region without any reflection, but do not leak
out from the region. In addition, a compound system
that consists of non-Hermitian and Hermitian segments,
such as a sandwich structure, may possess some unre-
vealed features to be explored.
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FIG. 1. Schematic illustration of the coherent confinement.
(a) and (b) is the time-dependent Hermitian system; (c) and
(d) is the time-independent non-Hermitian system.
In this paper, we consider whether it is possible to
use time-independent non-Hermitian systems to realize a
coherent confinement of wavepacket via natural time evo-
lution. We investigate the scattering problem of the in-
terface between a uniform Hermitian and non-Hermitian
Su-Schrieffer-Heeger (SSH)-type semi-infinite chains via
Bethe ansatz technique. It describes a junction of two
types of materials, Hermitian and non-Hermitian, which
have different properties. The essence is that the compe-
tition between staggered imaginary potentials and lattice
dimerization in a SSH model result in a unidirectional
propagating coalescing state at EP. And a segment of the
SSH ring inherits the unidirectional feature and exhibits
some intriguing dynamic behaviors when it is embedded
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2in a Hermitian chain as a PT -symmetric scattering cen-
ter (sandwich). Analytical and numerical results indicate
that a SSH scattering center supports the following wave
packet dynamics: (i) A left incident wave packet is al-
lowed perfect transmission, while a right incident wave
packet stimulates an amplified reflecting wave train with
the length proportional to the size of the SSH segment. A
unidirectional invisibility of Bragg scatterers is observed
when multi-embedded-SSH-segment is considered. (ii) A
left incident wave packet can be well confined in SSH
segment if the right lead is removed. (iii) In addition, a
wave packet is perfectly absorbed when its size closes to
the length of the SSH segment. The underlying mecha-
nism relates to the peculiar dynamics of wave packet at
EP. Two wave packets with maximal opposite group ve-
locities can cancel each other out due to the fact that the
main components of two wave packets are the same co-
alescing state. In contrast, two similar wave packets for
Hermitian uniform chain are always orthogonal in the
context of Dirac inner product. The proposed schemes
do not require complicated structure, which is accessi-
ble in optical system. Our findings are applicable to
the schemes of realizing quantum state storage, quantum
diode and lasing device.
This paper is organized as follows. In Sec. II, we
present the model consisted of two semi-infinite chains
and the scattering solutions at the interface. In Sec.
III, we discuss the dynamics of the system with the non-
Hermitian SSH segment as a scattering center. In Sec.
IV, we demonstrate the coherent confinement and per-
fectly absorbed dynamics of the semi-infinite system. In
Sec. V, we summarize our findings.
II. SCATTERING AT INTERFACE
One of the exclusive features of a non-Hermitian sys-
tem is the unidirectional dynamical behavior, which can-
not occur in a Hermitian system even the parity symme-
try is broken. For instance, a non-Hermitian SSH chain,
the competition between staggered imaginary potentials
and lattice dimerization result in a unidirectional prop-
agating coalescing state at EP [35, 36], while a linear
field breaks the isotropy of a uniform Hermitian chain in
both directions, but can only lead to a Bloch oscillation,
exhibiting reversibility of wavepacket dynamics [37, 38].
An interesting question is what happens when such two
systems are jointed together to form an infinite chain.
Figures 2(a) and (b) are the schematic illustrations of
this configuration. In the following, we will investigate
the scattering solution for such an interface, which is ex-
pected to shed light on the property of the interface be-
tween a Hermitian and non-Hermitian system in general.
The corresponding Hamiltonian reads
H = HI +HII, (1)
which is consist of two semi-infinite chains. Here HI de-
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FIG. 2. Schematic illustration of the non-Hermitian infinite
chain representing by Eq. (1), which is consist of semi-infinite
subsystems: The uniform chain and the non-Hermitian SSH
chain. (a) The uniform chain is connected to the gain site of
the non-Hermitian SSH chain. (b) The uniform chain is con-
nected to the loss site of the non-Hermitian SSH chain. (c)
A finite non-Hermitian SSH segment embedded in a uniform
chain as a PT -symmetric scattering center. (d) A multi-layer
sandwich structure, in which many SSH segments are em-
bedded in a uniform chain. The gray line and blue arrow
represent the uniform chain and non-Hermitian SSH chain,
respectively.
scribes a Hermitian uniform semi-infinite chain
HI = J
−1∑
j=−∞
a†jaj+1 + H.c., (2)
and HII is a non-Hermitian semi-infinite SSH chain
HII =
∞∑
l=0
[(1 + δ) a†2la2l+1 + Ja
†
2l+1a2l+2 + H.c.
+iγ(a†2la2l − a†2l+1a2l+1)], (3)
where aj and a
†
j are particle operators of fermion or bo-
son. The interface of the Hermitian and non-Hermitian
regions is at j = 0. We notice that H breaks the time
reversal symmetry and H(γ) = H∗(−γ) = H†(−γ). In
this paper, we focus on the situation with the parameter
satisfying γ = ± (1 + δ − J), which are shown in Figs.
2(a) and (b). Before we deal with the solution of H, we
briefly review the features of solutions of HI and HII on
an N -site ring lattice, which indicate the motivation of
the above parameter setting.
For the uniform ring, HI supports two degenerate zero
modes in the form of |ψ±〉 = N−1/2
∑N
j=1 e
±i(pi/2)j |j〉.
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FIG. 3. Numerical simulations of the dynamics for three typical situations. The system is consist of a uniform chain and a SSH
chain. (a) Dynamic of perfect reflection for the Hermitian lattice, which is consist of a uniform chain and a Hermitian SSH
chain. (b) Perfect transmission without refection for the system in Fig. 1(a). (c) Amplified transmission and reflection for the
system in Fig. 1(b). The parameters of the initial excitation are α = 0.04, N c = −300 and kc = −pi/2. The parameters of the
system are J = 1, δ = 0.5 and γ = 0 for (a); γ = 0.5 for (b); γ = −0.5 for (c). The time unit is 10J−1.
Obviously, both directions are symmetric. The corre-
sponding ring system for non-Hermitian HII is at EP
when takes γ = ± (1 + δ − J). It supports a single co-
alescing zero-energy eigenstate: |ψ+〉 or |ψ−〉, depend-
ing on the parameter γ = ± (1 + δ − J), which exhibits
strongly unidirectionality. Thus, it is expected that
the infinite system H support a zero energy scattering
wave function
∑∞
j=−∞ e
−ipi2 j |j〉 or ∑∞j=−∞ eipi2 j |j〉, cor-
responding to the parameter γ = (1 + δ − J) or γ =
− (1 + δ − J), respectively. Furthermore, it has been
shown that HII still has many intriguing features, such
as simple harmonic oscillation and position-independent
lasing [36, 39], even for the open boundary condition.
The underlying mechanism of these phenomena, that is
also the heart of this work, is the unidirectionality inher-
ited from the SSH ring at EP.
Now we turn to the combination of such two systems,
by solving the scattering problem of the interface between
Hermitian and non-Hermitian regions as the scattering
center. In general, the ansatz wave function in single-
particle subspace has the form
|ψ〉 =
∞∑
j=−∞
fj |j〉 , (4)
with
fj =
 Ie
iKj +Oe−iKj , j < 0
IAe−ikj +OAeikj , j = 2l
IBe−ikj +OBeikj , j = 2l + 1
. (5)
For simplicity, we focus on the system with parameter
γ = ± (1 + δ − J) and the solutions with zero energy.
The solution of scattering wave function can be obtained
by the Bethe ansatz method (see Appendix).
For the case with γ = (1 + δ − J), it is shown that the
scattering solution is
|ψ〉 =
∞∑
j=−∞
e−i
pi
2 j |j〉 , (6)
which is a plane wave, supporting the perfect transmis-
sion without refection for the wave packet with momen-
tum center pi/2. It means that the wave packet prop-
agates with Dirac probability preservation and without
shape deformation. However, for γ = − (1 + δ − J), the
scattering solution is∣∣∣ψ˜〉 = ∞∑
j=−∞
ei
pi
2 j |j〉 , (7)
4which can be obtained by directly applying the time-
reversal operator on the system and the solution. We list
the two solutions explicitly for the use of constructing
the scattering solution for a non-Hermitian SSH segment
as a scattering center.
The above two solutions indicate the unidirectionality
of the system, which is arisen from the non-Hermitian
part of the system in Eq. (3), i.e., the competition be-
tween staggered imaginary potentials and lattice dimer-
ization. In general, a plane wave solution can be utilized
to predict the wave packet dynamics. To demonstrate
this feature, we perform the numerical simulation of the
time evolution for an initial Gaussian wave packet
|Ψ (0)〉 = Ω−1/2
∞∑
j=−∞
e−α
2(j−Nc)2/2eikcj |j〉 , (8)
where Nc is the wave packet center, kc is the central mo-
mentum, and Ω =
√
pi/α is the normalization factor. The
evolved state obeys the equation |Ψ (t)〉 = e−iHt |Ψ (0)〉,
which can be computed by exact diagonalization of a fi-
nite system with sufficient large size. As comparison, we
focus on three cases with γ = 0 and γ = ± (1 + δ − J).
The numerical results for three typical situations are
shown in Fig. 3. For the system in Fig. 2(b), the scatter-
ing solution corresponding to an incident plane wave with
momentum −pi/2 incoming from the left of system can
not be obtained through the scattering theory for plane
waves. The dynamics for perfect transmission without
refection in Fig. 3(b) accords with the previous analysis.
In Fig. 3(c), we can see that for the system in Fig. 2(b),
an incident plane wave incoming from the left of the sys-
tem gives rise to amplified transmission and reflection.
So far, the mechanism of this behavior is unclear, but it
is not the focus of the present work. The dynamics of
wavepacket for non-Hermitian system in Figs. 3(b) and
(c) can not be seen in a Hermitian system in Fig. 3(a),
which is consist of a uniform chain and a Hermitian SSH
chain by taking γ = 0. In this Hermitian system, the en-
ergy levels of the uniform chain does not match the one of
the Hermitian SSH chain, i.e., the plane wave mode with
momentum ±pi/2 is forbidden due to the energy gap of
the Hermitian SSH chain. Thus the wave packet cannot
pass through the interface of two chains, exhibiting the
perfect reflection.
III. NON-HERMITIAN SSH-SEGMENT
SCATTERING CENTER
In Sec. II, we have discussed the scattering features
at the interface of Hermitian uniform chain and non-
Hermitian SSH chain in specific case. Both the Hermitian
and non-Hermitian systems are semi-infinite. It reveals
the unidirectional feature of non-Hermitian SSH model.
In this section, we consider the case with a finite non-
Hermitian SSH segment embedded in a uniform chain as
a PT -symmetric scattering center. Schematics of such a
system is given in Fig. 2(c). A solution of such a sand-
wich can be obtained by the combination of Eqs. (6) and
(7), when the number of sites of the non-Hermitian SSH
segment is even ∆, which ensures the balance of gain and
loss. Furthermore, such a resonant transmission solution
can be extended to a multi-layer sandwich structure, in
which many SSH segments are embedded in a uniform
chain (see Fig. 2(d)).
This feature can be demonstrated via wave packet dy-
namics. We perform the numerical simulation for the
time evolution of Gaussian wave packets with two initial
situations. The numerical results for the wave packet
incoming from the left and the right of the system are
shown in Figs. 4(a) and (b), respectively. In Fig. 4(a),
we can see that the left-incident wave packet pass through
the non-Hermitian SSH segment without refection, and
the probability is conserved. This accords with the pre-
diction from Bethe ansatz solution. In Fig. 4(b), we
can see that the right-incident wave packet can trigger
the full transmission associating with amplified reflect-
ing wave train. The width of the amplified wave train
h is about twice as the size of the non-Hermitian SSH
segment: h ≈ 2∆ = 300. So for, this observation cannot
be explained by the present scattering solution. We leave
this issue for the future consideration.
The behavior of perfect transmission in Fig. 4(a) can
be well understood. In Sec. II, we have discussed the
scattering solutions for the systems in Figs. 2(a) and
(b). And the sandwich structure in upper panel of Fig.
4(a) can be regarded as the combination of two system in
Figs. 2(a) and (b), thus the scattering solutions in Eqs.
(6) and (7) can explain the dynamics of perfect trans-
mission in Fig. 4(a). Accordingly, a perfect transmission
in multi-layer sandwich structure can be predicted by re-
peating the process in Fig. 4(a). In Figs. 4(c) and (d),
numerical results for a Bragg-stack-like scattering cen-
ter are plotted, which is similar to the experimental ob-
servation for unidirectional invisibility of PT -symmetric
Bragg scatterers [4].
IV. COHERENT CONFINEMENT AND
PERFECT ABSORPTION
Before proceeding with this section we would like to
reveal a peculiar feature of wave packet dynamics in a
non-Hermitian SSH system at EP, which is crucial for
the mechanism of the phenomena that will be presented
in this section. We start with the dispersion relation of
the SSH model, which determines the group velocity of
a wave packet. The dispersion relation is expressed as
ε±k = ±
√
J2 + (1 + δ)
2 − 2J (1 + δ) cos k − γ2, (9)
which is plotted in Fig. 5(a) for several typical values of
γ. We are interested in the case with γ = 0.5, at which
a coalescing state appears at k = 0. In the vicinity of
zero k, the dispersion relation is two crossing lines with
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FIG. 4. Numerical simulations of the dynamics for the coupled system, which is from by a uniform chain embedded with a
non-Hermitian SSH segment. (a) Perfect transmission without refection. (b) Amplified reflecting wave train. The parameters
of the initial excitation are α = 0.04, Nc = −200 and kc = −pi/2 for (a); α = 0.04, Nc = 200 and kc = pi/2 for (b). The length
of the segment is ∆ = 150. (c) and (d) Numerical results for the Bragg-stack-like scattering center with initial Gaussian wave
packet incoming from left and right of the system, respectively. The length of three segments are all ∆ = 50. Other parameters
are J = 1, δ = 0.5 and γ = 0.5. The time unit is 10J−1.
the crossing point at EP. One can construct two wave
packets (|ψL〉 and |ψR〉 as the form in Eq. (8)) with
zero energy, but with opposite group velocities, which
correspond to the slopes of the linear dispersion lines.
According to the analysis in Appendix, there exist two
quasi-coalescing sets of energy levels near the zero point.
On the other hand, one can do the same thing for a Her-
mitian uniform chain (or the SSH model with γ = δ = 0).
However, two situations are different: (i) The zero point
of the dispersion relation for the later is degenerate point;
(ii) The two wave packets for the later are always orthog-
onal, while two wave packets in the non-Hermitian sys-
tem have nonzero overlap in the context of Dirac inner
product. In Fig. 5(b) we plot the profiles of two wave
packets in k space and real space. We get the conclu-
sion that when two such wave packets meet together, the
evolved state is a single wave packet with an additional
overall factor 1 + eiϕ. They can cancel out each other for
ϕ = pi, or double the amplitude for ϕ = 0. To demon-
strate this results, numerical simulation is performed and
the results are plotted in Figs. 5(c) and (d). The mo-
tivation of this study stems from the following paradox.
(On the one hand,) an infinite SSH chain supports a pi/2
plane wave, while a zero-energy solution is forbidden for a
semi-infinite SSH chain (see Appendix). The above anal-
ysis about the zero-energy wave packets indicates that
the physics of the forbidden mode is the long-period can-
celation of two wave packets of large width.
One may be curious what happens for the wave packet
dynamics when one of the Hermitian leads is removed and
the system become semi-infinite. To answer this ques-
tion, we apply the above analysis on this semi-infinite
sandwich system. For the Hermitian lead, there are two
zero energy channels of wave packets with opposite group
velocities. In contrast, there is only one zero energy chan-
nel of wave packet, although it allows a wave packet prop-
agating with two opposite group velocities. A coalescing
wave packet in the SSH segment cannot escape via the
lead through which it comes. Thus once a wave packet
comes into the SSH segment as perfect transmission, it
bounces up and down within the segment. Furthermore,
the Dirac probability within the segment is periodic due
to the interference effect between incident and reflected
parts of the wave packet at boundaries.
To verify the above predictions, we perform the nu-
merical simulation for the evolution of a Gaussian wave
packet in the form of Eq. (8). The numerical results are
shown in Fig. 6. In Fig. 6(a), the size of the segment is
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FIG. 5. (a) Energy dispersion of the non-Hermitian SSH ring in Eq. (9) for several typical value of γ when J = 1 and δ = 0.5.
(b) Profiles of two wave packets (|ψL〉 and |ψR〉) with opposite group velocities in k space and real space (inset figure). Here
the state number represents the number of eigen states sorted by the energy from small to large. The size of the chain system
is N = 500, and other parameters are J = 1, δ = 0.5 and γ = 0.5. (c) and (d) are the numerical simulations of wave packet
dynamics in the non-Hermitian SSH chain with the initial states: (c) (|ψL〉+ |ψR〉) /
√
2, and (d) (|ψL〉 − |ψR〉) /
√
2. The size
of the system is N = 1000, and other parameters are J = 1, δ = 0.5 and γ = 0.5.
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FIG. 6. Numerical simulations of the dynamics for the semi-infinite system, which is consist of a uniform semi-infinite chain
and a non-Hermitian SSH segment. (a) Coherent confinement when the width of the wave packet is much smaller than the size
of the segment. (b) When the width of the wave packet approach to size of the segment, the confined probability decrease. (c)
Perfectly absorbed when the width of the wave packet approximate equal to the size of the segment. The parameters of the
initial excitation are α = 0.04, Nc = −400 and kc = −pi/2; and for the system are J = 1, δ = 0.5 and γ = 0.5. The time unit
is 10J−1.
∆ = 400. We can see that when the width of the wave
packet is much smaller than the size of the non-Hermitian
SSH segment, the wave packet is confined in the segment.
Figure 6(b) show that when the width of the wave packet
approaches to the size of the segment ∆ = 60, the con-
fined probability is reduced. In Fig. 6(c), the size of
the segment is ∆ = 30. We can see the when the width
of the wave packet approximate equal to the size of the
segment ∆ ≈ α−1 = 25, the wave packet is perfectly
absorbed. These results accords with our predictions.
7V. SUMMARY
In summary, we have studied wave packet dynamics in
the compound system which consists of a non-Hermitian
SSH segment and a Hermitian uniform chain. Both sys-
tems support left and right propagating wave packets
with zero energy. However, two wave packets in the for-
mer are quasi-coalescing, matching only one of two chan-
nels (left or right) in the Hermitian chain. This leads to
unidirectional dynamics at the interface of the two sub-
systems. A wave packet in an SSH segment embedded in
a uniform chain (a sandwich structure) is either perfectly
transmitted or totally reflected at the interface, depend-
ing on the direction of the SSH segment. In addition, two
quasi-coalescing wave packets interfere with each other
constructively or destructively when they meet together.
These result in peculiar phenomena which are exclusive
in non-Hermitian systems: For a sandwich structure, an
incident wave packet is either allowed perfect transmis-
sion or stimulates an amplified reflecting wave train with
the length proportional to the size of the SSH segment.
In addition, for a Hermitian-non-Hermitian junction sys-
tem, an incident wave packet can be well confined in or
perfectly absorbed by the SSH segment, depending on
the length of the SSH segment. The model setup contains
only staggered tunneling strength and imaginary poten-
tials, which has relative simple geometrical structure and
non-Hermitian components. It should be experimentally
accessible in optical system [4, 40–42]. An inspired man-
ifestation is the unidirectional invisibility of Bragg scat-
terers for the simulation of multi-embedded-SSH-segment
system. Our findings are applicable to the schemes of re-
alizing quantum state storage, quantum diode and lasing
device.
APPENDIX
In this Appendix, we present the derivations of (i) the
scattering solutions of the Hamiltonian in Eq. (1); (ii)
the zero energy solution for semi-infinite SSH chain; and
(iii) the analysis for the solution of SSH ring, introducing
a concept of quasi-coalescing energy level sets.
A. The scattering solutions of H
The Bethe ansatz wave function of a scattering state
|ψ〉 takes the form
|ψ〉 =
∞∑
j=−∞
fj |j〉 . (A1)
with
fj =
 Ie
iKj +Oe−iKj , j < 0
IAe−ikj +OAeikj , j = 2l
IBe−ikj +OBeikj , j = 2l + 1
. (A2)
Here l = 0, 1, 2, ... . The Schro¨dinger equation H |ψ〉 =
E |ψ〉 gives the expression of energy
E = 2J cosK (A3)
= ±
√
J2 − γ2 + (1 + δ)2 + 2J (1 + δ) cos (2k),
and the equations for I, O, IA/B, and OA/B
−ν−KO + JOA = νKI − JIA,
JeiKO − µ−kOA = −Je−iKI + µkIA,
IB = λkIA,
OB = λ−kOA, (A4)
in which,
µk = (E − iγ)− (1 + δ)λke−ik,
νK = Ee
−iK − Je−2iK ,
λk =
Je−ik + (1 + δ) eik
E + iγ
. (A5)
When γ = (1 + δ − J), the energy has the simple form
E = 2J cosK = 2
√
J (1 + δ) cos k. (A6)
We consider the solutions with zero energy. Equa-
tion E = 0 gives four solutions for K and k, that
is (K, k) = (−pi/2,−pi/2) ,(pi/2, pi/2), (pi/2,−pi/2),
(−pi/2, pi/2). However, it can be check that they cor-
respond to the same wave function
|ψ〉 =
∞∑
j=−∞
e−i
pi
2 j |j〉 , (A7)
The Hamiltonian fulfill H† = H∗, thus the eigenstate
with zero energy for H† is∣∣∣ψ˜〉 = |ψ〉∗ = ∞∑
j=−∞
ei
pi
2 j |j〉 , (A8)
B. Zero energy solution of the semi-infinite SSH
chain
The ansatz wave function for the the semi-infinite SSH
chain in Eq. (3) takes the form
|ψk〉 =
∞∑
j=0
fj |j〉 , (A9)
with
fj =
{ IAe−ikj +OAeikj , j = 2l
IBe−ikj +OBeikj , j = 2l + 1 , (A10)
The Schro¨dinger equation HII |ψk〉 = Ek |ψk〉 gives
(1 + δ)
(IBe−ik +OBeik)+ (iγ − Ek) (IA +OA) = 0,
(A11)
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FIG. A1. Schematic illustration of the energy levels of the
non-Hermitian SSH model at EP with periodic and open
boundary (by breaking one of the weak hopping term) condi-
tions, respectively. For a ring system, zero-level coalescence
is split into two levels when the open boundary condition is
imposed.
and
[iγ − Ek] IA +
[
(1 + δ) e−ik + Jeik
] IB = 0,[
Je−ik + (1 + δ) eik
] IA + [−iγ − Ek] IB = 0,
[iγ − Ek]OA +
[
(1 + δ) eik + Je−ik
]OB = 0,[
Jeik + (1 + δ) e−ik
]OA + [−iγ − Ek]OB = 0.(A12)
Conditions for the existence of nonzero solutions are∣∣∣∣ iγ − Ek (1 + δ) e−ik + JeikJe−ik + (1 + δ) eik −iγ − Ek
∣∣∣∣ = 0, (A13)
and∣∣∣∣ iγ − Ek (1 + δ) eik + Je−ikJeik + (1 + δ) e−ik −iγ − Ek
∣∣∣∣ = 0, (A14)
which both give
Ek = ±
√
J2 − γ2 + (1 + δ)2 + 2J(1 + δ) cos(2k).
(A15)
On the other hand, from Eqs. (A11) and (A12), we ob-
tain
IB = (Ek − iγ)e
ik
1 + δ + Je2ik
,
OA = −
[
(1 + δ)e2ik + J
]
e2ik
1 + δ + Je2ik
,
OB = − (Ek − iγ)e
3ik
1 + δ + Je2ik
. (A16)
Here we set IA = 1.
We are looking for the solution with zero energy under
the parameter γ = ± (1 + δ − J). Eq. (A15) is reduced
to Ek = 2
√
J(1 + δ) cos k = 0, which requires k = ±pi/2.
Substitute γ = ± (1 + δ − J) and k = ±pi/2 into Eqs.
(A10) and (A16), we have
fj =
{ ± (e−ipi2 j − eipi2 j) , j = 2l
± (e−ipi2 j + eipi2 j) , j = 2l + 1 . (A17)
- 0
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FIG. A2. The overlap between the corresponding wave func-
tions of two bands of the non-Hermitian SSH ring for several
typical γ. Other parameters are J = 1 and δ = 0.5.
fj is zero because l = 0, 1, 2, ..., which means that the
zero energy solution is forbidden. This can be seen from
the spectrum of the SSH chain in Ref. [36, 39]. We
demonstrate this point in Fig. A1 by comparison two
energy level structures of SSH model with open and pe-
riodic boundary conditions. We see that the coalescing
level with zero energy in SSH ring disappears when the
open boundary condition is imposed. It accords with the
vanishing zero energy solution for semi-infinite SSH chain
since the solution for an open chain can be obtained by
matching the solutions from two semi-infinite chains.
C. Quasi-coalescing levels in SSH ring
Consider a non-Hermitian SSH ring with the Hamilto-
nian
HRing =
N∑
l=1
[(1 + δ) a†2l−1a2l + Ja
†
2la2l+1 + H.c.
+iγ(a†2l−1a2l−1 − a†2la2l)]. (A18)
Taking the Fourier transformation
ak,λ = N
−1/2
N∑
j=1
ei(k+pi)la2l−λ, (λ = 1, 0) (A19)
the eigen function of two bands can be obtained
∣∣ψ±k 〉 = 1√2
(
ε±k + iγ
1 + δ − Je−ik a
†
k,1 + a
†
k,0
)
|vac〉 , (A20)
with the eigen energy
ε±k = ±
√
J2 + (1 + δ)
2 − 2J (1 + δ) cos k − γ2. (A21)
Here the wave function is Dirac normalized. We are in-
terested in the overlap between the corresponding wave
functions of two bands, which is defined as
Ok =
∣∣〈ψ+k ∣∣ψ−k 〉∣∣ . (A22)
9Direct derivation shows that
Ok =
|γ|√
J2 + (1 + δ)
2 − 2J (1 + δ) cos k
. (A23)
At EP with γ = (1 + δ − J), we note that Ok=0 = 1
indicating the coalescence of state. We also find that
Ok ≈ 1 for small k, especially in the case of large γ,
which corresponds to strong dimerization limit. Actually,
taking γ = (1 + δ − J) and cos k ≈ 1− k2/2, we have
Ok ≈ 1√
1 + J (1 + δ) k2/γ2
, (A24)
which approaches to 1 for large γ. We plot Eq. (A23) for
several typical γ in Fig. A2 to demonstrate this point.
We conclude that there exist two sets of energy levels
near the zero point, which are quasi-coalescing. This
is directly related to the vanishing zero solution in SSH
chain we discussed in last section of the Appendix.
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